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Abstract
This paper addresses a theory of R(p, q)-deformed combinatorics in discrete proba-
bility. It mainly focuses on R(p, q)-deformed factorials, binomial coefficients, Vander-
monde’s formula, Cauchy’s formula, binomial and negative binomial formulae, factorial
and binomial moments, and Stirling numbers. Moreover, theR(p, q)− Stirling numbers
of the second kind and the R(p, q)− Bell numbers for graphs are also derived. Related
relevant properties are investigated and discussed. Finally, as a concrete illustration, the
developed formalism is displayed for the well known generalized q− Quesne deformed
quantum algebra to construct the corresponding deformed combinatorics, as a particular
case.
Keywords. Combinatorics, q−combinatorics, R(p, q)− deformed quantum algebras,
R(p, q)− calculus.
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1 Introduction
Combinatorial theory is a major branch of mathematics, which has applications in many
fields such as computer science (languages, graphs, intelligent computing), natural and
social sciences, biomedicine, molecular biology, operational research, engineering, and
business [24, 25, 28]. Combinatorial theory and discrete mathematical methods play an
important role, and occupy a central position in the theory of discrete probability. The
most prominent of these methods are the combinatorial enumerative methods and the
basic methods of finite difference computation. A considerable number of stochastic ex-
periments or phenomena in discrete probability theory can be described by the stochastic
models of distributions [10].
Chung and Kang developed a new combinatorics called q− combinatorics and inves-
tigated the significance of q− permutations and q− combinations [5]. The idea of q−
analogs can be traced back to Euler in the 1700’s who studied q− series, especially
specializations of theta functions. Meanwhile, in [7], Ch. A. Charalambides exam-
ined basic q− combinatorics and q− hypergeometric series. The q−power, q−factorial,
q−binomial coefficient of a real number and two q− Vandermonde’s (q−factorial con-
volution) formulae were derived. The q− analogs of the Cauchy’s formulas were also
investigated in [1].
Furthermore, the q−Stirling numbers of the first and second kinds, which are the
coefficients of the expansions of q−factorials into q− powers, and of q−powers into
q−factorials, respectively, were presented. Moreover, the Stirling numbers of the second
kind and their generalizations were studied by several authors, (see for instance [21–23]
and references theiren). The q− Stirling numbers of the second kind and q− Bell num-
bers for graphs were also analyzed in [2]. Corcino and Barientos [12] established many
properties for q− analogs of Stirling numbers. The vertical and horizontal recursion rela-
tions and the generating function were also computed. Besides, two parameters (p, q)−
Stirling numbers, which are generating functions for the joint distribution of pair statis-
tics, were described in [29]. In addition, a theory of (p, q)− analogs of binomial coef-
ficients was elaborated. Some properties and identities like the triangular, vertical, and
horizontal recursion relations, the generating function, the orthogonality and inverse re-
lations were derived in [11].
Later in 2010, R(p, q)− deformed quantum algebra was introduced by Hounkonnou
and Bukweli [15] as a generalization of known deformed quantum algebras. The same
authors also performed R(p, q)− differentiation and integration, and deducted all rele-
vant particular cases of q− and (p, q)− deformations [14]. This opens a novel route for
developing the theory ofR(p, q)− analogs of special numbers and combinatorics.
This paper provides a general formalism, which enables an easier construction of a
combinatorial theory from deformed quantum algebras existing in the literature by as-
signing concrete suitable expressions to the functionR and related specific meromorphic
functions of the theory. Especially,R(p, q)− analogs of factorials, binomial coefficients,
Vandermonde’s formula, Cauchy’s formula, binomial formula and negative binomial for-
mula, factorial moments, binomial moments, Stirling numbers and Bell numbers on a
graph are investigated and discussed. Furthermore, the case of the generalized q−Quesne
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deformed combinatorics is derived to illustrate the presented formalism. From this new
generalization, developing deformed combinatorial theories associated with other partic-
ular cases of deformed quantum algebras, known and spread in the literature, appears as
a matter of triviality.
The paper is organized as follows. Section 2 is devoted to basic notations, definitions
and results related to R(p, q)− quantum algebras and calculus, and to basic q− combi-
natorics. In Section 3, the fundamentals of R(p, q)− deformed combinatorics and the
derivation of relevant properties are exposed. The generalized q− Quesne combinatorics
is derived as a case study. Some concluding remarks are addressed in Section 4.
2 Preliminaries
In this section, we briefly recall the main definitions, notations and known results used in
the sequel. For more details, the reader can refer to [7–11], [14, 15] and [18, 19].
The coherent states introduced by Quesne [26] can be associated with the q−deformed
algebra satisfying the relations
[N, a†] = a†, [N, a] = −a,
a a† − a† a = q−N−1 or q a a† − a† a = 1 (2.1)
where 0 < q < 1, and the Quesne number is defined by:
[u]Q =
1− q−u
q − 1
.
The Quesne algebra is a particular case of the Kalnins-Miller-Mukherjee algebra [20]
with ℓ = 1, λ = 0. Furthermore, Hounkonnou and Ngompe Nkouankam [16] generalized
the q− Quesne algebra with the generators satisfying the relations
[N, a†] = a†, [N, a] = −a,
p−1 a a† − a† a = q−N−1 or q a a† − a† a = pN+1 (2.2)
where 0 < q < p ≤ 1. Their generalized q− Quesne number is given as follows:
[u]Qp,q =
pu − q−u
q − p−1
.
Let nowR be a meromorphic function defined on C× C by
R(u, v) =
∞∑
s,t=−l
rstu
svt, (2.3)
converging in the complex disc DR = {z ∈ C/|z| < R} , where rst are complex num-
bers, l ∈ N\ {0} , and R is the radius of convergence of the series (2.3). Let us consider
the set of holomorphic functions O(DR) defined on DR.
In the sequel, when no possible confusion arises, p and q will designate two real
numbers satisfying 0 < q < p ≤ 1.
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Definition 2.1 [14] Let P and Q be two linear operators on O(DR). Then, for Ψ ∈
O(DR), we have
Q : Ψ 7−→ QΨ (z) := Ψ (qz),
P : Ψ 7−→ PΨ (z) := Ψ (pz).
The (p, q)−derivative and the (p, q)−number are defined, respectively, by [6]:
Dp,q : Ψ 7−→ Dp,qΨ (z) :=
Ψ (pz)− Ψ (qz)
z(p− q)
,
[n]p,q :=
pn − qn
p− q
,
while theR(p, q)−derivative is given by [14]:
DR(p,q) := Dp,q
p− q
P −Q
R(P,Q) =
p− q
pP − qQ
R(pP , qQ)Dp,q.
Definition 2.2 [15] The R(p, q)−number and the R(p, q)− factorials are defined, re-
spectively, as follows:
[n]R(p,q) := R(p
n, qn) for n ≥ 0,
R!(pκ, qκ) :=


1 for κ = 0
R(p, q) · · ·R(pκ, qκ) for κ ≥ 1,
and theR(p, q)− binomial coefficient is given by:[
m
κ
]
R(p,q)
:=
R!(pm, qm)
R!(pκ, qκ)R!(pm−κ, qm−κ)
, m, κ = 0, 1, 2, · · · , m ≥ κ.
More details onR(p, q)− deformed quantum algebras,R(p, q)−differentiation and inte-
gration can be found in [14, 15]. To be complete, let us briefly recall some notions about
known q− combinatorics pertaining to our development in the sequel.
Definition 2.3 The q− shifted factorial is given by
(
1⊕ y
)n
q
:=
n−1∏
i=0
(
1 + yqi−1
)
=
n∑
κ=0
q(
κ
2)
[
n
κ
]
q
yκ. (2.4)
The (p, q)− binomial coefficients are given by [11]:
n∏
i=1
(pi−1 + u qi−1) =
n∑
κ=0
p(
n−κ
2 ) q(
κ
2)
[
n
κ
]
p,q
uκ. (2.5)
For real numbers x and y, the q− analog of the Cauchy’s formula is given by [7][
x+ y
n
]
q
=
n−1∑
κ=0
qκ(y−n+κ)
[
x
κ
]
q
[
y
n− κ
]
q
, (2.6)
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or, equivalently,
[
x+ y
n
]
q
=
n−1∑
κ=0
q(n−κ)(x−κ)
[
x
κ
]
q
[
y
n− κ
]
q
. (2.7)
Furthermore, the following orthogonality relations hold [8]:
n∑
x=κ
(−1)n−x q(
n−x
2 )
[
n
x
]
q
[
x
κ
]
q
= δn,κ, (2.8)
and
n∑
x=κ
(−1)x−κq(
x−κ
2 )
[
n
x
]
q
[
x
κ
]
q
= δn,κ (2.9)
where δn,κ is the Kronecker delta, n and κ are positive integers. The n
th− order of a q−
factorial number [x]n,q is written as a polynomial of the q− number as follows [13]:
[x]n,q = q
−(n2)
n∑
κ=0
sq(n, κ)[x]
κ
q , (2.10)
or,
[x]nq =
n∑
κ=0
q(
κ
2)Sq(n, κ)[x]κ,q (2.11)
where the coefficients sq(n, κ) and Sq(n, κ) are called q− Stirling numbers of the first
and second kinds, respectively.
Let κ and j be positive integers. Then, the following relations also hold:
(
κ
j
)
=
κ∑
m=j
(−1)m−j(1− q)m−jsq(m, j)
[
κ
m
]
q
(2.12)
and [
κ
j
]
q
=
κ∑
m=j
(−1)m−j(1− q)m−jSq(m, j)
(
κ
m
)
, (2.13)
where x is an integer and 0 < q < 1. Finally, recall that the q−deformed probability
distribution g(x) of a discrete random variable X is given by Ch. A. Charalambides [7]
as
g(x) =
∞∑
m=x
(−1)m−xq(
m−x
2 )
[
m
x
]
q
E
([
X
m
]
q
)
, x ∈ N (2.14)
where the series is absolutely convergent, and E
([
X
m
]
q
)
stands for the expectation
value of
[
X
m
]
q
.
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3 R(p, q)− deformed combinatorics
Our aim is to present fundamentals of a generalization of the combinatorial theory from
theR(p, q)− deformed quantum algebra introduced in [15] as a generalization of known
deformed quantum algebras. We consider Φi(p, q) ∈ O(DR), with i = 1, 2, depending
on the parameters p and q.
3.1 R(p, q)− deformed factorials and binomial coefficients
Definition 3.1 Let u be a real number. Then, the R(p, q)− deformed factorial of u of
order κ is defined by :
[u]κ,R(p,q) =
κ∏
v=1
R(pu−v+1, qu−v+1), (3.1)
where 0 < q < p ≤ 1 and κ ∈ N\{0}.
The relation (3.1) will also be called the κth− order factorial of the R(p, q)− deformed
number. From the above definition, we derive the following basic property for the
R(p, q)− deformed factorial:
[u]κ+s,R(p,q) = [u]s,R(p,q) [u− s]κ,R(p,q), κ ∈ N\{0} and s ∈ N\{0}. (3.2)
Lemma 3.2 Let x, q, and p be real numbers such that 0 < q < p ≤ 1. Then, the
R(p, q)− deformed factorial of x of negative order −κ is given as follows:
[x]−κ,R(p,q) :=
1
[x+ κ]κ,R(p,q)
, κ ∈ N\{0}. (3.3)
[x]0,R(p,q) := 1.
Proof: It uses the relation (3.2). 
For x = 0, the equation (3.3) yields
[0]−κ,R(p,q) =
1
[κ]R(p,q)!
, κ ∈ N\{0}.
Definition 3.3 TheR(p, q)− deformed binomial coefficient is defined by:[
u
κ
]
R(p,q)
:=
[u]κ,R(p,q)
[κ]R(p,q)!
, κ ∈ N\{0}, u ∈ R. (3.4)
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We assume there exist Φi ∈ O(DR), with i = 1, 2, depending on the parameters p and q,
which link the deformed numbersR(pu, qu) andR(p−u, q−u)− as follows:
R(p−u, q−u) :=
(
Φ1(p, q) Φ2(p, q)
)1−u
R(pu, qu). (3.5)
Then, the following relations hold:
R(pu+v, qu+v) = Φv1(p, q)R(p
u, qu) + Φu2(p, q)R(p
v, qv) (3.6)
and
R(pu−v, qu−v) = Φ−v1 (p, q)R(p
u, qu)− Φ−v1 (p, q) Φ
u−v
2 (p, q)R(p
v, qv), (3.7)
u and v being real numbers.
Proposition 3.4 Let u be a natural number and κ a positive integer. Then,
[u]κ,R(p−1,q−1) =
(
Φ1(p, q) Φ2(p, q)
)−uκ+(κ+12 )
[u]κ,R(p,q) (3.8)
R!(p−u, q−u) =
(
Φ1(p, q) Φ2(p, q)
)−(u2)
R!(pu, qu) (3.9)
and [
u
κ
]
R(p−1,q−1)
=
(
Φ1(p, q) Φ2(p, q)
)−κ(u−κ) [ u
κ
]
R(p,q)
, κ ∈ N. (3.10)
Proof: Using the relation (3.5), we get
[u]κ,R(p−1,q−1) =
κ∏
j=1
R(p−u+j−1, q−u+j−1)
=
(
Φ1(p, q) Φ2(p, q)
)−uκ+(κ+12 )
[u]κ,R(p,q). (3.11)
Furthermore,
R!(p−u, q−u) =
u∏
j=1
R(p−j , q−j)
=
u∏
j=1
(
Φ1(p, q) Φ2(p, q)
)1−j
R(pj , qj)
=
(
Φ1(p, q) Φ2(p, q)
)−(κ2)
R!(pu, qu). (3.12)
Finally, using the relation (3.4), we obtain (3.10). 
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Remark 3.5 The formula (3.10) may be expressed as[
u
κ
]
R( q
p
)
= Φ
−κ(u−κ)
1 (p, q)
[
u
κ
]
R(p,q)
, κ ∈ N. (3.13)
For R(u, v) = (p − q)−1(u − v), we recover the Jagannathan-Srinivassa binomial
coefficient as: [
u
κ
]
q
p
= p−κ(u−κ)
[
u
κ
]
p,q
, κ ∈ N.
The generalized q−Quesne binomial coefficient can be obtained by putting R(x, y) =
(q − p−1)−1(x− y−1) as:[
u
κ
]Q
1
p q
= p−κ(u−κ)
[
u
κ
]Q
p,q
, κ ∈ N.
Theorem 3.6 Let x, p and q be real numbers such that 0 < q < p ≤ 1, and κ be a
positive integer. Then, the R(p, q)− deformed binomial coefficients satisfy the following
recursion relation:[
x
κ
]
R(p,q)
= Φκ1(p, q)
[
x− 1
κ
]
R(p,q)
+ Φx−κ2 (p, q)
[
x− 1
κ− 1
]
R(p,q)
, κ ∈ N (3.14)
or, equivalently,[
x
κ
]
R(p,q)
= Φκ2(p, q)
[
x− 1
κ
]
R(p,q)
+ Φx−κ1 (p, q)
[
x− 1
κ− 1
]
R(p,q)
, κ ∈ N (3.15)
with the initial conditon
[
x
0
]
R(p,q)
:= 1.
Proof: Since [x]κ,R(p,q) = [x]R(p,q) [x−1]κ−1,R(p,q), [x−1]κ,R(p,q) = [x−1]κ−1,R(p,q) [x−
κ]R(p,q), using the relations (3.6), the R(p, q)− factorial of x satisfies the recursion rela-
tion:
[x]κ,R(p,q) = Φ
κ
1(p, q) [x− 1]κ,R(p,q) + Φ
x−κ
2 (p, q) [κ]R(p,q) [x− 1]κ−1,R(p,q)
with condition [x]0R(p,q) := 1. From the expression (3.4), the relation (3.14) is deduced.
Furthermore, the expression (3.1) satisfies
[x]κ,R(p,q) = Φ
x−κ
1 (p, q) [κ]R(p,q) [x− 1]κ−1,R(p,q) + Φ
κ
2(p, q) [x− 1]κ,R(p,q).
Dividing the members of the above equation by [κ]R(p,q)!, we obtain (3.15), and the proof
is achieved. 
Corollary 3.7 Let x, and r be real numbers. Then, the following relation holds:
n∏
j=1
(
Φx−r−i+11 (p, q)− Φ
x−r−i+1
2 (p, q)
)
=
(
Φ1(p, q)− Φ2(p, q)
)n
[x− r]n,R(p,q).
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Proof: It is straightforward by computation. 
TakingR(u, v) = v, we recuperate a simpler relation under the form
n∏
j=1
(1− qx−r−j+1) = (1− q)n [x− r]n,q
where 0 < q < 1.
Remark 3.8 (1) Note that the results obtained by Hounkonnou and Bukweli in [14]
can be retrieved by takingR(s, t) = ((p−1 − q)t)(st− 1).
(2) The generalized q−Quesne formulae are given as follows, with real numbers p
and q such that 0 < q < p ≤ 1 and κ ∈ N\{0} :
(i)
[x]Qκ,p,q =
κ∏
v=1
[x− v + 1]Qp,q.
(ii) [
x
κ
]Q
p,q
=
[x]Qκ,p,q
[κ]Qp,q!
.
(iii)
[x]Q
p−1,q−1
=
(p
q
)−1−x
[x]Qp,q.
(iv)
[x]Q
κ,p−1,q−1
=
(
p
q
)−2κ−xκ+(κ+12 )
[x]Qκ,p,q,
[x]Q
p−1,q−1
! =
(
p
q
)−x−(x+12 )
[x]Qp,q!,
and [
x
κ
]Q
p−1,q−1
=
(
p
q
)−κ(x−κ) [
x
κ
]Q
p,q
.
3.2 R(p, q)− deformed Vandermonde’s and Cauchy’s formulae
The R(p, q)− deformed Vandermonde’s formula, also called R(p, q)− deformed facto-
rial convolution, is contained in the theorem below, where, for the expression simplifi-
cation, we set Φ1(p, q) = ǫ1 and Φ2(p, q) = ǫ2; x, y, p, and q are real numbers with
0 < q < p ≤ 1.
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Theorem 3.9 TheR(p, q)− deformed Vandermonde’s formula is given by:
[x+ y]n,R(p,q) =
n∑
κ=0
[
n
κ
]
R(p,q)
ǫ
κ(y−n+κ)
1 ǫ
(n−κ)(x−κ)
2 [x]κ,R(p,q)[y]n−κ,R(p,q) (3.16)
or, equivalently,
[x+ y]n,R(p,q) =
n∑
κ=0
[
n
κ
]
R(p,q)
ǫ
(n−κ)(x−κ)
1 ǫ
κ(y−n+κ)
2 [x]κ,R(p,q)[y]n−κ,R(p,q), (3.17)
where n is a positive integer.
Proof: For n ∈ N\{0}, we consider the following expression:
Tn(x; y)R(p,q) :=
n∑
κ=0
[
n
κ
]
R(p,q)
ǫ
κ(y−n+κ)
1 ǫ
(n−κ)(x−κ)
2 [x]κ,R(p,q)[y]n−κ,R(p,q). (3.18)
For n = 1, we have T1(x; y)R(p,q) = R(p
x+y, qx+y). Using the recursion relation (3.14)
and[
x+ y − n + 1
]
R(p,q)
[x]κ,R(p,q)[y]n−κ−1,R(p,q) = ǫ
y−n+κ+1
1 [x]κ+1,R(p,q)[y]n−κ−1,R(p,q)
+ ǫx−κ2 [x]κ,R(p,q)[y]n−κ,R(p,q), (3.19)
we obtain
Tn(x; y)R(p,q) =
n−1∑
κ=0
[
n− 1
κ
]
R(p,q)
ǫ
κ(y−n+κ+1)
1 ǫ
(n−κ)(x−κ)
2 [x]κ,R(p,q)[y]n−κ,R(p,q)
+
n−1∑
κ=0
[
n− 1
κ
]
R(p,q)
ǫ
(κ+1)(y−n+κ+1)
1 ǫ
(n−κ−1)(x−κ)
2 [x]κ+1,R(p,q)[y]n−κ−1,R(p,q)
=
[
x+ y − n + 1
]
R(p,q)
Tn−1(x; y)R(p,q).
Therefore, for n ∈ N\{0}, the sum Tn(x; y)R(p,q) satisfies the first-order recursion rela-
tion
Tn(x; y)R(p,q) = [x+ y − n+ 1]R(p,q) Tn−1(x; y)R(p,q),
with T1(x; y)R(p,q) = [x+y]R(p,q).Recursively, it follows that Tn(x; y)R(p,q) = [x+ y]n,R(p,q).
Therefore, we get (3.16). Finally, interchanging x by y, and replacing κ by n − κ, the
expression (3.16) is rewritten in the form (3.17). 
Remark 3.10 Note that the q− deformed Vandermonde’s formula can be retrieved by
takingR(u, v) = v :
[x+ y]n,q =
n∑
κ=0
q(n−κ)(x−κ)
[
n
κ
]
q
[x]κ,q [y]n−κ,q,
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or, in an alternative form,
[x+ y]n,q =
n∑
κ=0
qκ(y−n+κ)
[
n
κ
]
q
[x]κ,q [y]n−κ,q,
where 0 < q < 1.
From theR(p, q)− Vandermonde’s formula (3.16), we can deduce the following remark-
ableR(p, q)− deformed identities.
Lemma 3.11 Let x, y, p, and q be real numbers such that 0 < q < p ≤ 1. Then, the
following relations hold.
[x+ y + n]n,R(p,q)
[y + n]n,R(p,q)
=
n∑
κ=0
[
n
κ
]
R(p,q)
ǫ
κ(y+κ)
1 ǫ
(n−κ)(x−κ)
2
[x]κ,R(p,q)
[y + κ]κ,R(p,q)
, (3.20)
1[
x− 1
n
]
R(p,q)
=
n∑
κ=0
(−1)n−κ
[
n
κ
]
R(p,q)
ǫ
(n−κ2 )+κ(n−x)
1 ǫ
(n−κ2 )
2
[x]R(p,q)
[x− κ]R(p,q)
(3.21)
and
1[
y + n
n
]−1
R(p,q)
=
n∑
κ=0
(−1)κ
[
n
κ
]
R(p,q)
ǫ
(κ+12 )
1 ǫ
(κ+12 )−n(y+κ)
2
[y]R(p,q)
[y + κ]R(p,q)
. (3.22)
Proof: Replacing y by y + n in (3.16), we obtain
[x+ y + n]n,R(p,q) =
n∑
κ=0
[
n
κ
]
R(p,q)
ǫ
κ(y+κ)
1 ǫ
(n−κ)(x−κ)
2 [x]κ,R(p,q)[y + n]n−κ,R(p,q).
Multiplying both sides of this relation by [y]−n,R(p,q), and using [y]−κ,R(p,q) = [y]−n,R(p,q)[y+
n]n−κ,R(p,q), we get
[y]−n,R(p,q)[x+ y + n]n,R(p,q) =
n∑
κ=0
[
n
κ
]
R(p,q)
ǫ
κ(y+κ)
1 ǫ
(n−κ)(x−κ)
2 [x]κ,R(p,q) [y]−κ,R(p,q)
and according to (3.3), we deduce the required formula
[x+ y + n]n,R(p,q)
[y + n]n,R(p,q)
=
n∑
κ=0
[
n
κ
]
R(p,q)
ǫ
κ(y+κ)
1 ǫ
(n−κ)(x−κ)
2
[x]κ,R(p,q)
[y + κ]κ,R(p,q)
.
Putting now y = −x in (3.20), and using, respectively,
[−x+ κ]κ,R(p,q) = (−1)
κ(ǫ1ǫ2)
(κ2)−κx[x− 1]κ,R(p,q)
and (
n− κ
2
)
=
(
n
2
)
−
(
κ
2
)
− κ(n− κ),
we get (3.21). Similarly, by substituting x by −y, we obtain (3.22). 
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Remark 3.12 TakingR(p, q) = q, we retrieve the q− identities as particular cases:
[u+ v + n]n,q
[v + n]n,q
=
n∑
κ=0
[
n
κ
]
q
q(n−κ)(u−κ)
[u]κ,q
[v + κ]κ,q
, (3.23)
1[
u− 1
n
]
q
=
n∑
κ=0
(−1)n−κ
[
n
κ
]
q
q(
n−κ
2 ) [u]q
[u− κ]q
(3.24)
and
1[
v + n
n
]
q
=
n∑
κ=0
(−1)κ
[
n
κ
]
q
q(
κ+1
2 )−n(v+κ) [v]q
[v + κ]q
. (3.25)
Considering two real numbers u and v leads to the following results:
Theorem 3.13 TheR(p, q)− deformed Cauchy’s formula is given by:
[
u+ v
n
]
R(p,q)
=
n∑
κ=0
ǫ
κ(v−n+κ)
1 ǫ
(n−κ)(u−κ)
2
[
u
κ
]
R(p,q)
[
v
n− κ
]
R(p,q)
(3.26)
or, equivalently,[
u+ v
n
]
R(p,q)
=
n∑
κ=0
ǫ
(n−κ)(u−κ)
1 ǫ
κ(v−n+κ)
2
[
u
κ
]
R(p,q)
[
v
n− κ
]
R(p,q)
. (3.27)
Proof: From (3.4) and theR(p, q)− deformed Vandermonde’s formula, we get the result.

We obtain the q− deformed Cauchy’s formulae (2.6) and (2.7) by takingR(p, q) = q.
Theorem 3.14 The negativeR(p, q)−deformed Vandermonde’s formula is given by:
[u+ v]−n,R(p,q) =
∞∑
κ=0
[
−n
κ
]
R(p,q)
ǫ
κ(v+n+κ)
1 ǫ
(−n−κ)(u−κ)
2 [u]κ,R(p,q)[v]−n−κ,R(p,q)
(3.28)
or
[u+ v]−n,R(p,q) =
∞∑
κ=0
[
−n
κ
]
R(p,q)
ǫ
(−n−κ)(u−κ)
1 ǫ
κ(v+n+κ)
2 [u]κ,R(p,q)[v]−n−κ,R(p,q)
(3.29)
where n is a positive integer.
Proof: For n ∈ N\{0}, we consider the following expression:
Hn(u; v)R(p,q) =
∞∑
κ=0
[
−n
κ
]
R(p,q)
ǫ
κ(v+n+κ)
1 ǫ
(−n−κ)(u−κ)
2 [u]κ,R(p,q)[v]−n−κ,R(p,q).
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For n = 1, we have
H1(u; v)R(p,q) =
1[
u+ v + 1
]
R(p,q)
.
Using the relation (3.14) and[
u+ v + n+ 1
]
R(p,q)
[u]κ,R(p,q)[v]−n−κ−1,R(p,q) = ǫ
v+n+κ+1
1 [u]κ+1,R(p,q)[v]−n−κ−1,R(p,q)
+ ǫu−κ2 [u]κ,R(p,q)[v]−n−κ,R(p,q),
Hn(u; v, p, q) takes the following form
Hn(u; v)R(p,q) =
∞∑
κ=0
[
−n− 1
κ
]
R(p,q)
ǫ
κ(v+n+κ)+κ
1 ǫ
(−n−κ)(u−κ)
2 [u]κ,R(p,q)[v]−n−κ,R(p,q)
+
∞∑
κ=0
[
−n− 1
κ
]
R(p,q)
ǫ
κ(v+n+κ)+κ
1 ǫ
(−n−κ)(u−κ+1)
2 [u]κ+1,R(p,q)[v]−n−κ−1,R(p,q)
=
Hn−1(u; v)R(p,q)
[u+ v + n + 1]R(p,q)
.
Therefore, for n ∈ N\{0}, the sum Hn(u; v)R(p,q) satisfies the first-order recursion rela-
tion
Hn(u; v)R(p,q) =
Hn−1(u; v)R(p,q)[
u+ v + n+ 1
]
R(p,q)
, n ∈ N\{0},
withH1(u; v)R(p,q) =
1
[u+v+1]R(p,q)
.Recursively, it comes thatHn(u; v)p,q = [u+ v]−n,R(p,q).
Following the steps used to prove (3.28), we obtain (3.29), and the proof is achieved. 
We recover the negative q− Vandermonde’s formulae by taking R(p, q) = q as fol-
lows:
[x+ y]−n,q =
n∑
κ=0
q−(n−κ)(x−κ)
[
−n
κ
]
q
[x]κ,q [y]−n−κ,q, |q
−(x+y+1)| < 1,
and, alternatively,
[x+ y]−n,q =
n∑
κ=0
qκ)(y+n+κ)
[
−n
κ
]
q
[x]κ,q [y]−n−κ,q, |q
−(x+y+1)| < 1,
where 0 < q < 1.
Lemma 3.15
[v]−n,R(p,q) =
∞∑
κ=0
[
n+ κ− 1
κ
]
R(p,q)
ǫ
n(u−κ)
1 ǫ
κ(v−n+1)
2
[u]κ,R(p,q)
[u+ v]n+κ,R(p,q)
(3.30)
and
[v]−n,R(p,q) =
∞∑
κ=0
[
n + κ− 1
κ
]
R(p,q)
ǫ
κ(v−n+1)
1 ǫ
n(u−κ)
2
[u]κ,R(p,q)
[u+ v]n+κ,R(p,q)
. (3.31)
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Proof: For n a positive integer, theR(p, q)− deformed factorial of x = −n of order κ is
written as:
[−n]κ,R(p,q) = (−1)
κ
(
ǫ1ǫ2
)−nκ−(κ2)
[n+ κ− 1]κ,R(p,q)
and
R(p−j , q−j) = −
(
ǫ1 ǫ2
)−j
R(pj , qj), j ∈ {n, n+ 1, · · · , n+ κ− 1}.
In the same vein, theR(p, q)− deformed binomial coefficient of x = −n is given by:[
−n
κ
]
R(p,q)
= (−1)κ
(
ǫ1 ǫ2
)−nκ−(κ2) [ n+ κ− 1
κ
]
R(p,q)
.
Moreover,
[−v − 1]−n,R(p,q) =
1
[−v − 1 + n]n,R(p,q)
=
1
(−1)n
(
ǫ1 ǫ2
)−nv+(n2)
[v]n,R(p,q)
and
[−u− v − 1]−n−κ,R(p,q) =
1
[−u− v − 1 + n + κ]n+κ,R(p,q)
=
(−1)−n−κ(
ǫ1 ǫ2
)−(n+κ)(u+v)+(n+κ2 )
[u+ v]n+κ,R(p,q)
.
The relation (3.28) may be written as follows:
1
(ǫ1 ǫ2)
−nv+(n2)[v]n,R(p,q)
=
∞∑
κ=0
[
n+ κ− 1
κ
]
R(p,q)
F (p, q) (3.32)
where
F (p, q) =
ǫ
κ(v+n+κ)
1 (ǫ1ǫ2)
−(n+κ)(u−κ)−nκ−(κ2)[u]κ,R(p,q)
(ǫ1 ǫ2)
−(n+κ)(u+v)+(n+κ2 )[u+ v]n+κ,R(p,q)
.
Taking into acount the fact that(
n + κ
2
)
=
(
n
2
)
+
(
κ
2
)
+ nκ,
the relation (3.32) is reduced to (3.30). Similarly, we obtain (3.31). 
Setting ǫ1 = 1 and ǫ2 = q provides the q−analogs of the formulae (3.30) and (3.31)
as:
[v]−n,q =
∞∑
κ=0
[
n + κ− 1
κ
]
q
qκ(v−n+1)
[u]κ,q
[u+ v]n+κ,q
, |qv| < 1
14
and
[v]−n,q =
∞∑
κ=0
[
n + κ− 1
κ
]
q
qn(u−κ)
[u]κ,q
[u+ v]n+κ,q
, |q−v| < 1.
Remark 3.16 By taking R(u, v) = ((q − p−1)v)−1(uv − 1), and n− a positive integer,
we deduct, as particular cases, the generalized q−Quesne deformed Vandermonde and
Cauchy’s formulae given, respectively, by:
[u+ v]Qn,p,q =
n∑
κ=0
[
n
κ
]Q
p,q
pκ(v−n+κ)q−(n−κ)(u−κ)[u]Qκ,p,q [v]
Q
n−κ,p,q
=
n∑
κ=0
[
n
κ
]Q
p,q
p(n−κ)(u−κ)q−κ(v−n+κ)[u]Qκ,p,q [v]
Q
n−κ,p,q
and [
u+ v
n
]Q
p,q
=
n−1∑
κ=0
pκ(v−n+κ)q−(n−κ)(u−κ)
[
u
κ
]Q
p,q
[
v
n− κ
]Q
p,q
=
n−1∑
κ=0
p(n−κ)(u−κ)q−κ(v−n+κ)
[
u
κ
]Q
p,q
[
v
n− κ
]Q
p,q
,
while their negative counterparts are provided by
[u+ v]Q−n,p,q =
∞∑
κ=0
[
−n
κ
]Q
p,q
pκ(v+n+κ)q−(−n−κ)(u−κ)[u]Qκ,p,q [v]
Q
−n−κ,p,q
=
∞∑
κ=0
[
−n
κ
]Q
p,q
p(−n−κ)(u−κ)q−κ(v+n+κ)[u]Qκ,p,q [v]
Q
−n−κ,p,q
and
[v]Q−n,p,q =
∞∑
κ=0
[
n+ κ− 1
κ
]Q
p,q
pn(u−κ) q−κ(v−n+1)
[u]Qκ,p,q
[u+ v]Qn+κ,p,q
=
∞∑
κ=0
[
n+ κ− 1
κ
]Q
p,q
pκ(v−n+1) q−n(u−κ)
[u]Qκ,p,q
[u+ v]Qn+κ,p,q
,
respectively.
3.3 R(p, q)− deformed binomial and negative binomial formulae
In this section, we examine in detail the R(p, q)− deformed binomial. Here also, x, p,
and q are real numbers with 0 < q < p ≤ 1; n is a positive integer. Then,
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Theorem 3.17
n∏
r=1
(
ǫr−11 + x ǫ
r−1
2
)
=
n∑
κ=0
ǫ
(n−κ2 )
1 ǫ
(κ2)
2
[
n
κ
]
R(p,q)
xκ (3.33)
Proof: The result follows from induction on n. 
Taking R(p, q) = q, we recover the q− binomial formula (2.4), while R(u, v) =
(p− q)−1(u− v) gives the (p, q)− binomial formula (2.5).
Theorem 3.18
n∏
r=1
(
ǫr−11 − x ǫ
r−1
2
)−1
= ǫ
−(n2)
1
∞∑
κ=0
ǫ
−κ(n−1)
1
[
n + κ− 1
κ
]
R(p,q)
xκ (3.34)
where |ǫ2| < |ǫ1|.
Proof: We have
n∏
r=1
(
ǫr−11 − x ǫ
r−1
2
)−1
= ǫ
−(n2)
1
n∏
r=1
(
1− x
(ǫ2
ǫ1
)r−1)−1
.
Setting θ = ǫ2
ǫ1
< 1 and from [7], we obtain
n∏
r=1
(
ǫr−11 − x ǫ
r−1
2
)−1
= ǫ
−(n2)
1
∞∑
κ=0
[
n+ κ− 1
κ
]
R( q
p
)
xκ
= ǫ
−(n2)
1
∞∑
κ=0
ǫ
−κ(n−1)
1
[
n+ κ− 1
κ
]
R(p,q)
xκ.
The proof is achieved. 
The negative q− binomial coefficient can be obtained, by settingR(u, v) = v, in the
form:
n∏
r=1
(
1− t qr−1
)−1
=
∞∑
κ=0
[
n+ κ− 1
κ
]
q
tκ.
A novel negativeR(p, q)− binomial formula can be deduced as follows:
Lemma 3.19 For 0 < x <∞,
n∏
i=1
(ǫi−11 + xǫ
i−1
2 ) = ǫ
(n2)
1
∞∑
κ=0
[
n+ κ− 1
κ
]
R(p,q)
xκ ǫκ1 ǫ
(κ2)
2
κ∏
i=1
(ǫn+i−11 + xǫ
n+i−1
2 )
(3.35)
or, in an equivalent way,
n∏
i=1
(ǫi−11 + xǫ
i−1
2 )
xn ǫ
(n2)
2
=
∞∑
κ=0
[
n+ κ− 1
κ
]
R(p,q)
ǫκ2 ǫ
(κ2)
1
κ∏
i=1
(ǫn+i−11 + xǫ
n+i−1
2 )
. (3.36)
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Proof: Since
n∏
i=1
(
ǫi−11 − x ǫ
i−1
2
)
= ǫ
(n2)
1
n∏
i=1
(
1− x
(ǫ2
ǫ1
)i−1)−1
,
and using [7], we obtain
n∏
i=1
(
ǫi−11 − x ǫ
i−1
2
)
= ǫ
(n2)
1
∞∑
κ=0
[
n + κ− 1
κ
]
R( q
p
)
xκ ( ǫ2
ǫ1
)(
κ
2)
κ∏
i=1
(
1 + x(
ǫ2
ǫ1
)n+i−1
) .
From (3.13) and
κ∏
i=1
(
1 + x(
ǫ2
ǫ1
)n+i−1
)
= ǫ
−κ(n−1)−(κ+12 )
1
κ∏
i=1
(
ǫn+i−11 + x ǫ
n+i−1
2
)
we get (3.35). Replacing x by x−1, ǫ1 by ǫ
−1
1 and ǫ2 by ǫ
−1
2 leads to (3.36), and the proof
is achieved. 
Remark 3.20 The negative q−binomial formula can be obtained by taking R(u, v) =
v :
n∏
i=1
(1 + x qi−1) =
∞∑
κ=0
[
n+ κ− 1
κ
]
q
xκ q(
κ
2)
κ∏
i=1
(1 + x qn+i−1)
(3.37)
which can also be translated into the form:
n∏
i=1
(1 + x qi−1)
xn q(
n
2)
=
∞∑
κ=0
[
n+ κ− 1
κ
]
q
qκ
κ∏
i=1
(1 + xqn+i−1)
. (3.38)
Theorem 3.21 The following orthogonality relations hold:
n∑
x=κ
(−1)n−xǫ
(x2)
1 ǫ
(n−x2 )
2
[
n
x
]
(p,q)
[
x
κ
]
R(p,q)
= δn,κ, (3.39)
and
n∑
x=κ
(−1)x−κǫ
(κ2)
1 ǫ
(x−κ2 )
2
[
n
x
]
R(p,q)
[
x
κ
]
R(p,q)
= δn,κ, (3.40)
where δn,κ is the Kronecker delta, n and κ are positive integers.
Proof: Since [
n
x
]
R(p,q)
[
x
κ
]
R(p,q)
=
[
n
κ
]
R(p,q)
[
n− κ
n− x
]
R(p,q)
,
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then, the relation (3.39) may be expressed as:
n∑
x=κ
(−1)n−xǫ
(x2)
1 ǫ
(n−x2 )
2
[
n
x
]
R(p,q)
[
x
κ
]
R(p,q)
= δn,κ.
From the expression[
n
x
]
R(p,q)
[
x
κ
]
R(p,q)
=
[
n
κ
]
R(p,q)
[
n− κ
x− κ
]
R(p,q)
,
we get (3.40). Therefore, the result holds. 
The q− deformed orthogonality relations (2.8) and (2.9) can be recovered by putting
R(p, q) = q.
Corollary 3.22 The inversion of theR(p, q)− binomial formula is provided by:
n∑
κ=0
(−1)κ ǫ
(κ2)
1 ǫ
(κ2)
2
[
n
κ
]
R(p,q)
κ∏
r=1
(
ǫ1−r1 − x ǫ
1−r
2
)
= xn. (3.41)
In particular,
n∑
κ=0
(−1)κ ǫ
(κ2)−xκ
1 ǫ
(κ2)
2
[
n
κ
]
R(p,q)
(ǫ1 − ǫ2)
κ [x]κ,R(p,q) =
(ǫ2
ǫ1
)nx
. (3.42)
Proof: From the relation (3.10) and replacing ǫ1 by ǫ
−1
1 , ǫ2 by ǫ
−1
2 , x by −x, n by κ and
κ by r in (3.33), we get
κ∏
i=1
(
ǫ1−i1 − x ǫ
1−i
2
)
=
κ∑
r=0
(−1)rǫ
−(κ−r2 )−r(κ−r)
1 ǫ
−(r2)−r(κ−r)
2
[
n
κ
]
R(p,q)
xr.
Multiplying the members of the above expression by (−1)κ ǫ
(κ2)
1 ǫ
(κ2)
2
[
n
κ
]
R(p,q)
, it comes
C1 : = (−1)
κǫ
(κ2)
1 ǫ
(κ2)
2
[
n
κ
]
R(p,q)
κ∏
i=1
(
ǫ1−i1 − xǫ
1−i
2
)
=
κ∑
r=0
[
n
κ
]
R(p,q)
(−1)κ−rǫ
−(κ−r2 )−r(κ−r)+(
κ
2)
1 ǫ
−(r2)−r(κ−r)+(
κ
2)
2
[
n
κ
]
R(p,q)
xr.(3.43)
Summing the expression (3.43) for κ ∈ {1, 2, · · · , n}, using (3.40) and(
κ− r
2
)
=
(
κ
2
)
−
(
r
2
)
− r(κ− r), (3.44)
we obtain (3.41). Replacing x by ǫ−x1 ǫ
x
2 in (3.41) and using
κ∏
r=1
(
ǫ1−r1 − ǫ
−x
1 ǫ
x+1−r
2
)
= ǫ−κ x1
(
ǫ1 − ǫ2
)κ
[x]κ,R(p,q)
yield (3.42). 
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Remark 3.23 Putting ǫ1 = 1 and ǫ2 = q, we obtain the inversion of the q− binomial
formula [7]:
n∑
κ=0
(−1)κ q(
κ
2)
[
n
κ
]
q
κ∏
r=1
(1− t q1−r) = tn.
In particular,
n∑
κ=0
(−1)κ q(
κ
2)
[
n
κ
]
q
(1− q)κ [t]κ,q = q
nt.
The inversion of the deformed binomial formulae (3.41) and (3.42) leads to the following
results:
Lemma 3.24
n∑
κ=0
[
n
κ
]
R(p,q)
xn−κ
κ∏
r=1
(
ǫr−11 − x ǫ
r−1
2
)
= 1 (3.45)
and
n∑
κ=0
[
n
κ
]
R(p,q)
ǫ
−κ(n−κ)
1 ǫ
−κ(x+n−κ)
2 (ǫ1 − ǫ2)
κ [x]κ,R(p,q) =
(ǫ1
ǫ2
)nx
.
Proof: Replacing x by x−1 in equation (3.41), and using the expression
(−1)κ ǫ
(κ2)
1 ǫ
(κ2)
2
κ∏
r=1
(
ǫ1−r1 − x
−1 ǫ1−r2
)
= x−κ
κ∏
r=1
(
ǫr−11 − x ǫ
r−1
2
)
,
we obtain (3.45). Also replacing ǫ1 by ǫ
−1
1 and ǫ2 by ǫ
−1
2 in (3.42), we get
n∑
κ=0
(−1)κ ǫ
−(κ2)+xκ
1 ǫ
−(κ2)
2
[
n
κ
]
R(p−1,q−1)
(ǫ−11 − ǫ
−1
2 )
κ [x]κ,R(p−1,q−1) =
(ǫ1
ǫ2
)nx
.
Using the relations (3.8), (3.10) and after computation, the result holds. 
It is worth noticing the following relevant identities from R(p, q)− binomial and
negativeR(p, q)− binomial formulae, as exposed and proved below:
• Lemma 3.25 Let r, s and n be positive integers. Then, the following relations
hold:
n∑
κ=0
ǫ
κ(s−n+κ)
1 ǫ
(n−κ)(r−κ)
2
[
r
κ
]
R(p,q)
[
s
n− κ
]
R(p,q)
=
[
r + s
n
]
R(p,q)
, (3.46)
n∑
κ=0
ǫ
κ(m+κ)
1 ǫ
(r−κ)(r−κ−m)
2
[
r
κ
]
R(p,q)
[
r
κ+m
]
R(p,q)
=
[
2r
κ+m
]
R(p,q)
(3.47)
and
r∑
κ=0
ǫκ
2
1 ǫ
(r−κ)2
2
[
r
κ
]2
R(p,q)
=
[
2r
r
]
R(p,q)
. (3.48)
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Proof: From theR(p, q)− binomial formula and
r∏
i=1
(ǫi−11 + xǫ
i−1
2 )
s∏
i=1
(ǫr+i−11 + xǫ
r+i−1
2 ) =
r+s∏
i=1
(ǫi−11 + xǫ
i−1
2 ),
we get
r+s∑
n=0
an x
n =
r+s∑
n=0
ǫ
(r+s−n2 )
1 ǫ
(n2)
2
[
r + s
n
]
R(p,q)
xn,
where
an x
n =
r∑
κ=0
ǫ
(r−κ2 )
1 ǫ
(κ2)
2
[
r
κ
]
R(p,q)
xκ
s∑
κ=0
ǫ
(s−j2 )+r(s−j)
1 ǫ
(j2)+r j
2
[
s
j
]
R(p,q)
xj .
Using (
n− κ
2
)
=
(
n
2
)
−
(
κ
2
)
− κ(n− κ)
and (
r + s− n
2
)
=
(
r − κ
2
)
+
(
s− n + κ
2
)
+ (r − κ)(s− n+ κ),
we obtain
an x
n = ǫ
(r+s−n2 )
1 ǫ
(n2)
2
n∑
κ=0
ǫ
κ(s−n+κ)
1 ǫ
(n−κ)(r−κ)
2
[
r
κ
]
R(p,q)
[
s
n− κ
]
R(p,q)
giving (3.46). Setting s = r and n = r −m in (3.46), and using[
r
r −m− κ
]
R(p,q)
=
[
r
κ +m
]
R(p,q)
, and
[
2r
r −m
]
R(p,q)
=
[
2r
r +m
]
R(p,q)
the relation (3.47) holds. Since[
r
r − κ
]
R(p,q)
=
[
r
κ
]
R(p,q)
,
and putting r = n = s in (3.46), we get (3.48), what achieves the proof. 
Remark 3.26 Note the following:
(1) The relation (3.46) is a particular case of theR(p, q)−deformed Cauchy for-
mula (3.26), with u = r and v = s.
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(2) The particular case of q− deformation is achieved from the above formulae
by takingR(p, q) = q as follows:
n∑
κ=0
q(n−κ)(r−κ)
[
r
κ
]
q
[
s
n− κ
]
q
=
[
r + s
n
]
q
,
n∑
κ=0
q(r−κ)(r−κ−m)
[
r
κ
]
q
[
r
κ+m
]
q
=
[
2r
κ+m
]
q
and
r∑
κ=0
q(r−κ)
2
[
r
κ
]2
q
=
[
2r
r
]
q
.
• Lemma 3.27 Let r, s, and n be positive integers. Then,
[
r + s+ n− 1
n
]
R(p,q)
=
n∑
κ=0
ǫ
r(n−s−κ)+κ s
1 ǫ
r(n−κ)
2
[
r + κ− 1
κ
]
R(p,q)
[
s + n− κ− 1
n− κ
]
R(p,q)
.
Proof: From the relation
r∏
i=1
(ǫi−11 + xǫ
i−1
2 )
−1
s∏
i=1
(ǫr+i−11 + xǫ
r+i−1
2 )
−1 =
r+s∏
i=1
(ǫi−11 + xǫ
i−1
2 )
−1,
where |x| < 1, and from the negativeR(p, q)−binomial formula, we get
∞∑
n=0
bn x
n =
∞∑
n=0
ǫ
−(r+s2 )−n(r+s−1)
1
[
r + s+ n− 1
n
]
R(p,q)
xn,
where
bn x
n =
∞∑
κ=0
ǫ
(r2)−κ(r−1)
1
[
r + κ− 1
κ
]
R(p,q)
xκ
×
∞∑
j=0
ǫ
−(s2)−j(s−1)
1 ǫ
r j
2
[
s+ j − 1
j
]
R(p,q)
xj .
Setting j = n− κ, and after computation, it follows
bn x
n = ǫ
−(r+s2 )−n(r+s−1)
1
n∑
κ=0
ǫ
r(n−s−κ)+κ s
1 ǫ
r(n−κ)
2
×
[
r + κ− 1
κ
]
R(p,q)
[
s+ n− κ− 1
n− κ
]
R(p,q)
yielding the result. 
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Remark 3.28 (a) This formula constitutes a particular version of the R(p, q)−
Cauchy formula (3.26), corresponding to negative integers x = −r and y =
−s.
(b) PuttingR(x, y) = y, we recover the q− deformed analog of this Lemma as:[
r + s+ n− 1
n
]
q
=
n∑
κ=0
qr(n−κ)
[
r + κ− 1
κ
]
q
[
s+ n− κ− 1
n− κ
]
q
.
• Lemma 3.29 For n, m, and κ, positive integers, such that κ ≤ m ≤ n, we have:[
n
m
]
R(p,q)
=
n∑
κ=0
ǫ
(κ−2r−m+n)κ+r(m+1)
1 ǫ
κ(n−r)
2
[
r − 1
κ− 1
]
R(p,q)
[
n− r
m− κ
]
R(p,q)
.
Proof: Multiplying both the members of the negativeR(p, q)− binomial formula
m+1∏
i=1
(ǫi−11 − xǫ
i−1
2 )
−1 =
∞∑
j=0
ǫ
−(m+12 )−mj
1
[
m+ j
m
]
R(p,q)
xj
by xm and putting n = m+ j, we obtain
xm
m+1∏
i=1
(ǫi−11 − xǫ
i−1
2 )
−1 =
∞∑
n=m
ǫ
−(m+12 )−m(n−m)
1
[
n
m
]
R(p,q)
xn.
Similarly, we get
xκ
κ∏
i=1
(ǫi−11 − xǫ
i−1
2 )
−1 =
∞∑
r=κ
ǫ
−(κ2)−(κ−1)(r−κ)
1
[
r − 1
κ− 1
]
R(p,q)
xr
and
xm−κ
m−κ+1∏
i=1
(ǫκ+i−11 − xǫ
κ+i−1
2 )
−1 =
∞∑
j=m−κ
ǫ
−(m−κ+12 )−(m−κ)(j−m−κ)
1
× ǫκ j2
[
j
m− κ
]
R(p,q)
xm−κ.
Using
xκ
κ∏
i=1
(ǫκ+i−11 +xǫ
i−1
2 )
−1xm−κ
m−κ+1∏
i=1
(ǫκ+i−11 +xǫ
κ+i−1
2 )
−1 = xm
m+1∏
i=1
(ǫi−11 +xǫ
i−1
2 )
−1
and the above relations, we arrive at the result. 
Note that the q− deformed version can be recovered by takingR(p, q) = q :
n∑
κ=0
qκ(n−r)
[
r − 1
κ− 1
]
q
[
n− r
m− κ
]
q
=
[
n
m
]
q
.
22
Remark 3.30 It is worth noticing that
(1) The generalized q−Quesne deformed binomial and negative binomial formu-
lae can straightforwardly be retrieved from the general formalism as partic-
ular cases as follows:
(i)
n∏
r=1
(
pr−1 + x q−r+1
)
=
n∑
κ=0
p(
n−κ
2 ) q−(
κ
2)
[
n
κ
]Q
p,q
xκ.
(ii)
n∏
r=1
(
pr−1 − x q1−r
)−1
= p−(
n
2)
∞∑
κ=0
[
n+ κ− 1
κ
]Q
p,q
xκ.
(iii)
n∑
x=κ
(−1)n−xp(
x
2) q−(
n−x
2 )
[
n
x
]Q
p,q
[
x
κ
]Q
p,q
= δn,κ,
and
n∑
x=κ
(−1)x−κp(
κ
2) q−(
x−κ
2 )
[
n
x
]Q
p,q
[
x
κ
]Q
p,q
= δn,κ.
(iv)
n∑
κ=0
(−1)κ p(
κ
2) q−(
κ
2)
[
n
κ
]Q
p,q
κ∏
r=1
(
p1−r − x q−1+r
)
= xn. (3.49)
In particular,
n∑
κ=0
(−1)κ p(
κ
2)−xκ q−(
κ
2)
[
n
κ
]Q
p,q
(q − p−1)κ [x]Qκ,p,q = (pq)
−nx. (3.50)
(2) The associated deformed binomial formulae (3.49) and (3.50) can also be
rewritten as follows:
n∑
κ=0
[
n
κ
]Q
p,q
xn−κ
κ∏
r=1
(
pr−1 − x q−r+1
)
= 1
and
n∑
κ=0
[
n
κ
]Q
p,q
p−κ(n−κ) qκ(x+n−κ)(q − p−1)κ [x]Qκ,p,q =
(
p q
)nx
.
Further, the following identities are retrieved from the above Lemmas:
n∑
κ=0
pκ(s−n+κ) q−(n−κ)(r−κ)
[
r
κ
]Q
p,q
[
s
n− κ
]Q
p,q
=
[
r + s
n
]Q
p,q
,
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n∑
κ=0
pκ(m+κ) q−(r−κ)(r−κ−m)
[
r
κ
]Q
p,q
[
r
κ +m
]Q
p,q
=
[
2r
κ+m
]Q
p,q
,
r∑
κ=0
pκ
2
q−(r−κ)
2
([
r
κ
]Q
p,q
)2
=
[
2r
r
]Q
p,q
,
[
r + s + n− 1
n
]Q
p,q
=
n∑
κ=0
pr(n−s−κ)+κs q−r(n−κ)
[
r + κ− 1
κ
]Q
p,q
×
[
s+ n− κ− 1
n− κ
]Q
p,q[
n
m
]Q
p,q
=
n∑
κ=0
p(κ−2r−m+n)κ+r(m+1) q−κ(n−r)
[
r − 1
κ− 1
]Q
p,q
[
n− r
m− κ
]Q
p,q
n∏
i=1
(pi−1 + x q−i+1) = p(
n
2)
∞∑
κ=0
[
n+ κ− 1
κ
]Q
p,q
xκ pκ q−(
κ
2)
κ∏
i=1
(pn+i−1 + x q−n−i+1)
or
n∏
i=1
(pi−1 + x q−i+1)
xn q−(
n
2)
=
∞∑
κ=0
[
n + κ− 1
κ
]Q
p,q
q−κ p(
κ
2)
κ∏
i=1
(pn+i−1 + x q−n−i+1)
.
3.4 R(p, q)− deformed Stirling numbers
Definition 3.31 Let x, j, p, and q be real numbers such that 0 < q < p ≤ 1. Then, the
noncentral R(p, q)− deformed factorial of x of order n and of noncentrality parameter
j is defined by:
[x− j]n,R(p,q) := [x− j]R(p,q) [x− j − 1]R(p,q), · · · , [x− j − n+ 1]R(p,q), (3.51)
where n is a positive integer.
Taking j = 0 in (3.51), we obtain the R(p, q)− deformed factorial of x of order n.
Following the relation
R(px−j−r, qx−j−r) = ǫj+r2
(
R(px, qx)− ǫx−j−r1 R(p
j+r, qj+r)
)
, r ∈ N\{0},
the equation (3.51) takes the form
[x− j]n,R(p,q) = ǫ
−(n2)−j n
2
(
[x]R(p,q) − ǫ
x−j
1 [j]R(p, q)
)
· · ·
(
[x]R(p,q) − ǫ
x−j−n+1
1 [j + n− 1]R(p,q)
)
.
24
Further, we get a polynomial of theR(p, q)− deformed number of degree n as follows:
[x− j]n,R(p,q) = ǫ
−(n2)−j n
2
n∑
κ=0
sR(p,q)(n, κ; j) [x]
κ
R(p,q), n ∈ N (3.52)
or
[x]nR(p,q) =
n∑
κ=0
ǫ
(κ2)+j κ
2 SR(p,q)(n, κ; j) [x− j]κ,R(p,q), n ∈ N (3.53)
Equivalently,
[x+ j]nR(p,q) =
n∑
κ=0
ǫ
(κ2)+j κ
2 SR(p,q)(n, κ; j) [x]κ,R(p,q), n ∈ N. (3.54)
The coefficients sR(p,q)(n, κ; j) and SR(p,q)(n, κ; j) are the noncentralR(p, q)− deformed
Stirling numbers of the first and second kind, respectively.
Remark 3.32 (1) For j = 0, these deformed numbers are reduced to sR(p,q)(n, κ; 0) =
sR(p,q)(n, κ) and SR(p,q)(n, κ; 0) = SR(p,q)(n, κ),which are nothing but theR(p, q)−
deformed Stirling numbers of the first and second kinds, respectively.
(2) Taking R(x, y) = y, we recover the q− deformed Stirling numbers of first and
second kinds (2.10) and (2.11) .
Lemma 3.33
|sR(p−1,q−1)(n, κ, j)| =
(
R(p−1, q−1)
)n−κ
sR(p−1,q−1)(n, κ, j)
and
|sR(p,q)(n, κ, j)| =
(
R(p−1, q−1)
)κ−n
sR(p,q)(n, κ, j),
where n is a positive interger, and |sR(p,q)(n, κ, j)| stands for the deformed absolute
noncentralR(p, q)− deformed Stirling number of the first kind.
Proof: Since
R(px+j, qx+j) = ǫj2
(
R(px, qx) + ǫx+j1 (ǫ1 ǫ2)
−1R(pj, qj)
)
,
then,
[x+ j + n− 1]R(p,q) = ǫ
(n2)+jn
2
(
[x]R(p,q) + ǫ
x+j−1
1 ǫ
−1
2 [j]R(p,q)
)
· · ·
(
[x]R(p,q) + ǫ
x+j+n−2
1 ǫ
−1
2 [j + n− 1]R(p,q)
)
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is also a polynomial of the R(p, q)−deformed number [x]R(p,q) of degree n, and after
computation, for n ∈ N\{0}, we get
[x+ j + n− 1]n,R(p,q) = ǫ
(n2)+jn
2
n∑
κ=0
|sR(p−1,q−1)(n, κ, j)| [x]
κ
R(p,q).
Furthermore,
[x+ j + n− 1]n,R(p,q) =
(
R(p−1, q−1)
)n
[−x− j]n,R(p−1,q−1)
R(p−x, q−x) = R(p−1, q−1)R(px, qx).
Replacing now −x by x and ǫ−11 by ǫ1, and ǫ
−1
2 by ǫ2 in (3.52), the result follows. 
Theorem 3.34 The R(p, q)− deformed Stirling numbers of the first and second kinds
verify the orthogonality relations:
n∑
m=κ
sR(p,q)(n,m, j)SR(p,q)(m, κ, j) = δn,κ (3.55)
and
n∑
m=κ
SR(p,q)(n,m, j) sR(p,q)(m, κ, j) = δn,κ. (3.56)
Proof: From the relations (3.52) and (3.53), we write
[x− j]n,R(p,q) = ǫ
−(n2)−jn
2
n∑
m=0
sR(p,q)(n, κ; j)[x]
m
R(p,q)
=
n∑
κ=0
ǫ
−(n2)+(
κ
2)−j(n−κ)
2
×
( n∑
m=κ
sp,q(n,m; j)SR(p,q)(m, κ; j)
)
[x− j]κ,R(p,q),
giving, after computation, (3.55). Similarly, we obtain (3.56). 
The next statement is also valid.
Theorem 3.35 For n ∈ N\{0} and κ ∈ {1, 2, · · · , n + 1}, the noncentral R(p, q)−
deformed Stirling numbers of the first and second kinds, sR(p,q) and SR(p,q), obey, respec-
tively, the recursion relations
sR(p,q)(n+ 1, κ; j) = sR(p,q)(n, κ− 1; j)
− ǫx−n−j1 [n + j]R(p,q)sR(p,q)(n, κ, j), (3.57)
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with initial conditions sR(p,q)(0, 0, j) = 1, sR(p,q)(n, 0, j) = ǫ
(n2)+jn
2 [−j]n,R(p,q) ≥ 0 and
sR(p,q)(0, κ, j) = 0, j ≥ 0; and
SR(p,q)(n+ 1, κ; j) = SR(p,q)(n, κ− 1; j) + ǫ
x−κ
1 [κ+ j]R(p,q)SR(p,q)(n, κ; j) (3.58)
with initial conditions SR(p,q)(0, 0, j) = 1, SR(p,q)(n, 0, j) = [j]
n
R(p,q), n ≥ 0, and
SR(p,q)(0, κ, j) = 0, κ ≥ 0.
Proof:
(1) Let us consider the relation
[x− j]n+1,R(p,q) = ǫ
−n−j
2
(
[x]R(p,q) − ǫ
x−n−j
1 [n+ j]R(p,q)
)
[x− j]n,R(p,q) (3.59)
or
[x− j]n+1,R(p,q) = ǫ
−n−j
1
(
[x]R(p,q) − ǫ
x−n−j
2 [n+ j]R(p,q)
)
[x− j]n,R(p,q).
From the relation (3.52) and the expansion of both members of the recursion rela-
tion (3.59) into powers ofR(px, qx), we get
S1 : = ǫ
−(n+12 )−j(n+1)
2
n+1∑
κ=0
sR(p,q)(n+1,κ;j) [x]
κ
R(p,q)
= ǫ
−(n2)−j(n+1)−n
2
n∑
r=0
sR(p,q)(n,r;j) [x]
r+1
R(p,q)
− ǫ
−(n2)−j(n+1)−n
2 ǫ
x−n−j
1
n∑
κ=0
sR(p,q)(n,κ;j) [x]
κ
R(p,q)[n+ j]R(p,q)
= ǫ
−(n+12 )−j(n+1)
2
n+1∑
κ=1
sR(p,q)(n,κ−1;j) [x]
κ
R(p,q)
− ǫ
−(n+12 )−j(n+1)
2 ǫ
x−n−j
1
n∑
κ=0
sR(p,q)(n,κ;j) [x]
κ
R(p,q)[n + j]R(p,q)
which gives (3.57). We use the relation (3.52) to get the initial conditions.
(2) Similarly, consider
(
R(px+j, qx+j)
)n+1
= R(px+j, qx+j)
(
R(px+j, qx+j)
)n
(3.60)
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and use the relation (3.53) to obtain
S2 : =
n+1∑
κ=0
ǫ
(κ2)+jκ
2 SR(p,q)(n+1,κ;j)[x]κ,R(p,q)
=
n∑
κ=0
ǫ
(κ2)+κ+j(κ+1)
2 SR(p,q)(n,κ;j)[x]κ+1,R(p,q)
+
n∑
κ=0
ǫ
(κ2)+j κ
2 ǫ
x−κ
1 SR(p,q)(n,κ;j)[x]κ,R(p,q)[κ + j]R(p,q)
=
n+1∑
κ=1
ǫ
(κ2)+jκ
2 SR(p,q)(n,κ−1;j)[x]κ,R(p,q)
+
n∑
κ=0
ǫ
(κ2)+jκ
2 ǫ
x−κ
1 SR(p,q)(n,κ;j)[x]κ,R(p,q)[κ + j]R(p,q)
Thus, we get the relation (3.58). The initial conditions follow from (3.54). 
Theorem 3.36 For fixed κ, the generating function of noncentral R(p, q)− deformed
Stirling numbers of the second kind is given as follows:
Ψκ(v; p, q, r) =
∞∑
n=κ
SR(p,q)(n; κ, r) v
n, κ ∈ N (3.61)
or, equivalently, in product form
Ψκ(v; p, q, r) = v
κ
κ∏
j=0
(
1− ǫx−j1 [r + j]R(p,q) v
)−1
(3.62)
for |v| <
ǫ
−x+j
1
[r+j]R(p,q)
.
Proof: We assume that the series (3.61) converges. Multiplying the expression (3.58) by
vn+1 and summing the resulting relation for n = κ−1, κ, · · · , and κ ∈ N\{0},we obtain
Ψκ(v; p, q, r) = vΨκ−1(v; p, q, r) + ǫ
x−κ
1 [r + κ]R(p,q) vΨκ(v; p, q, r),
which implies
Ψκ(v; p, q, r) = v
(
1− ǫx−κ1 [r + κ]R(p,q) v
)−1
Ψκ−1(v; p, q, r).
By induction and consideration that
Ψ0(v; p, q, r) =
∞∑
n=0
SR(p,q)(n; 0, r) v
n =
(
1− ǫx1 [r]R(p,q) v
)−1
we obtain (3.61) and (3.62). 
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Remark 3.37 The generating function of the noncentral q− Stirling numbers of the sec-
ond kind can be obtained as:
Ψκ(v; q, r) =
∞∑
n=κ
Sq(n; κ, r) v
n = vκ
κ∏
j=0
(1− [r + j]q v)
−1
where κ ∈ N and |v| < 1
[r+j]q
.
Lemma 3.38 For κ ∈ N and n = κ, κ + 1, · · · , the reciprocal noncentralR(p, q)− de-
formed factorial 1
[t−x]κ+1,R(p,q)
is expanded into the reciprocalR(p, q)− deformed powers
1
[t]n+1
R(p,q)
as follows:
ǫ
(t−r−x)κ
1
[t− x]κ+1,R(p,q)
= ǫ
(κ+12 )+x(κ+1)
2
∞∑
n=κ
SR(p,q)(n, κ; x)
ǫ
(t−r−x)n
1
[t]n+1R(p,q)
, (3.63)
while the reciprocal R(p, q)− deformed powers [t]−κ−1R(p,q) is expanded into the reciprocal
noncentralR(p, q)− deformed factorial 1
[t−x]n+1,R(p,q)
as below expressed:
ǫ
(t−r−x)κ
1
[t]κ+1R(p,q)
=
∞∑
n=κ
ǫ
−(n+12 )−x(n+1)
2 sR(p,q)(n, κ; x)
ǫ
(t−r−x)n
1
[t− x]n+1,R(p,q)
,
where t > κ+ x.
Proof: Setting v =
ǫt−r−x1
[t]R(p,q)
in (3.61) and (3.62), we obtain
∞∑
n=κ
SR(p,q)(n; κ, x)v
n =
∞∑
n=κ
SR(p,q)(n; κ, x)ǫ
(t−r−x)n
1 [t]
−n
R(p,q)
and
κ∏
j=0
(
1− ǫx−j1 [x+ j]R(p,q) ǫ
t−r−x
1 [t]
−1
R(p,q)
)−1
=
ǫ
(t−r−x)κ
1 [t]R(p,q)
ǫ
(t−r−x)κ
1 [t]
−κ
R(p,q)
ǫ
−(κ+12 )−x(κ+1)
2
[t− x]κ+1,R(p,q)
.
Thus,
∞∑
n=κ
SR(p,q)(n; κ, x)ǫ
(t−r−x)n
1 [t]
−n
R(p,q) =
ǫ
(t−r−x)κ
1 [t]R(p,q)
ǫ
(κ+12 )+x(κ+1)
2 [t− x]κ+1,R(p,q)
,
and after rearranging, we find (3.63). Moreover, let us fix κ in (3.63). Replacing n bym
and κ by n, we get
ǫ
(n+12 )+x(n+1)
2
∞∑
m=n
SR(p,q)(m;n, x)
ǫ
(t−r−x)m
1
[t]m+1R(p,q)
=
ǫ
(t−r−x)n
1
[t− x]n+1,R(p,q)
.
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Multiplying the result by ǫ
−(n+12 )−x(n+1)
2 sR(p,q)(n; κ, x), and summing for n = κ, κ +
1, · · · , we find
∞∑
n=κ
∞∑
m=n
sR(p,q)(n; κ, x)SR(p,q)(m;n, x)
ǫ
(t−r−x)m
1
[t]m+1R(p,q)
=
∞∑
n=κ
ǫ
−(n+12 )−x(n+1)
2
× sR(p,q)(n; κ, x)
ǫ
(t−r−x)n
1
[t− x]n+1,R(p,q)
By the orthogonality relation (3.56), we have
∞∑
m=κ
δm,κ
ǫ
(t−r−x)m
1
[t]m+1R(p,q)
=
∞∑
n=κ
ǫ
−(n+12 )−x(n+1)
2 sR(p,q)(n; κ, x)
ǫ
(t−r−x)n
1
[t− x]n+1,R(p,q)
and the result follows. 
Theorem 3.39 The noncentralR(p, q)− deformed Stirling numbers of the first and sec-
ond kinds are given, respectively, by
sR(p,q)(n, κ, r) =
ǫ
−(n2)+nx
1
(ǫ1 − ǫ2)n−κ
n∑
j=κ
(−1)j−κ
ǫ
(j2)−r(n−j)−κx
1
ǫ
−(n−j2 )−r(n−j)
2
[
n
j
]
R(p,q)
(
j
κ
)
(3.64)
and
SR(p,q)(n, κ, r) = ǫ
nx
1
n∑
j=κ
(−1)j−κ
ǫ
(n−j)r
1 ǫ
(κ2)−κx
1
(ǫ1 − ǫ2)n−κ ǫ
−r(j−κ)
2
(
n
j
)[
j
κ
]
R(p,q)
, (3.65)
where n ∈ N\{0}, κ ∈ {1, 2, · · · , n}, and x ∈ N.
Proof: From the relation (3.10) and replacing p = p−1, q = q−1, ǫ1 = ǫ
−1
1 , ǫ2 = ǫ
−1
2 ,
x = ǫx−r1 , y = −ǫ
x−r
2 , κ = j, n = κ in theR(p, q)− binomial formula (3.33), we get
[x− r]n,R(p,q)
(ǫ1 − ǫ2)−n
=
n∑
j=0
(−1)j
ǫ
−(n−j2 )+(n−j)(x−r)
1
ǫ
(j2)−j(x−r)
2
(ǫ1 ǫ2)
−j(n−j)
[
n
j
]
R(p,q)
. (3.66)
Multipliying (3.66) by ǫ
(n2)+rn
2 , and using
ǫ−jx1 ǫ
jx
2 =
j∑
κ=0
(−1)κ
(
j
κ
)
ǫ−κ x1 (ǫ1 − ǫ2)
κ [x]κR(p,q),
we obtain
[x− r]n,R(p,q)
ǫ
−(n2)−rn
2
=
n∑
κ=0
(
ǫ
−(n2)+nx
1
(ǫ1 − ǫ2)n−κ
n∑
j=κ
(−1)j−κǫ
(j2)−r(n−j)−κx
1
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×ǫ
(n−j2 )+r(n−j)
2
[
n
j
]
R(p,q)
(
j
κ
))
[x]κR(p,q).
Comparing the above relation with (3.52), we obtain (3.64). Furthermore,
[x+ r]nR(p,q) =
ǫnx1
(ǫ1 − ǫ2)n
n∑
j=0
(−1)j
(
n
j
)
ǫ
(n−j)r
1 ǫ
jr
2 ǫ
−jx
1 ǫ
jx
2 . (3.67)
Using (3.42), we get
[x+ r]nR(p,q) =
ǫnx1
(ǫ1 − ǫ2)n
n∑
j=0
(−1)j
(
n
j
)
ǫ
(n−j)r
1 ǫ
jr
2
×
j∑
κ=0
(−1)κ ǫ
(κ2)−κ x
1 ǫ
(κ2)
2
[
j
κ
]
R(p,q)
(ǫ1 − ǫ2)
κ [x]κ,R(p,q),
and from (3.54), we obtain (3.65). 
Remark 3.40 Taking R(p, q) = q, we obtain the noncentral q− Stirling numbers of the
first and second kinds as:
sq(n, κ, r) =
1
(1− q)n−κ
n∑
j=κ
(−1)j−κq(
n−j
2 )+r(n−j)
[
n
j
]
q
(
j
κ
)
and
Sq(n, κ, r) =
1
(1− q)n−κ
n∑
j=κ
(−1)j−κ qr(j−κ)
(
n
j
)[
j
κ
]
q
,
where n ∈ N\{0}, κ ∈ {1, 2, · · · , n}, and x ∈ N.
Corollary 3.41 Let κ and j be positive integers. Then, the following relations hold:(
κ
j
)
=
κ∑
m=j
(−1)m−j(ǫ1 − ǫ2)
m−jǫ
(m2 )−x(m−j)
1 sR(p,q)(m, j)
[
κ
m
]
R(p,q)
(3.68)
and [
κ
j
]
R(p,q)
=
κ∑
m=j
(−1)m−j(ǫ1 − ǫ2)
m−jǫ
−(j2)−x(m−j)
1 SR(p,q)(m, j)
(
κ
m
)
, (3.69)
where x is an integer and 0 < q < p ≤ 1.
Proof: Replacing j by i, n bym, κ by j and r = 0 in (3.64), we get
sR(p,q)(m, j) =
ǫ
−(m2 )+mx
1
(ǫ1 − ǫ2)m−j
m∑
i=j
(−1)i−jǫ
(i2)−j x
1 ǫ
(m−i2 )
2
[
m
i
]
R(p,q)
(
i
j
)
.
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Multiplying this result by
(−1)m−j
(ǫ1 − ǫ2)
m−j
ǫ
−(m2 )+(m−j)x
1
[
κ
m
]
R(p,q)
and summing for allm = j, j + 1, · · · , κ, we obtain
κ∑
m=j
(−1)m−j
(ǫ1 − ǫ2)
m−j
ǫ
−(m2 )+(m−j)x
1
sR(p,q)(m, j)
[
κ
m
]
R(p,q)
=
κ∑
i=j
(
i
j
)
δκ,i =
(
κ
j
)
.
Similarly, in (3.65), we replace n by m, j by i, r = 0, multiply the resulting expression
by
(−1)m−j
(ǫ1 − ǫ2)
m−j
ǫ
(j2)+(m−j)x
1
(
κ
m
)
,
and sum it for allm = j, j + 1, · · · , κ, to get the result. 
Note that we obtain the q− deformed formulae (2.12) and (2.13) by takingR(x, y) =
y.
Lemma 3.42 Let u be a natural number. Then, the following relations hold:
sR(p,q)(u, 1) = (−1)
u−1 ǫ
xu−
(u−1)(u+2)
2
1 R!(p
u−1, qu−1) (3.70)
and
sR(p,q)(u, 2) = (−1)
u−2 ǫ
x(u−2)− (u−2)(u+3)
2
1 R!(p
u−1, qu−1)ζu−1,p,q
where ζu,p,q =
u∑
j=1
ǫ
(j−1)(x+1)
1
(
R(pj , qj)
)−1
and x ∈ N.
Proof: From the triangular recursion relation of theR(p, q)− deformed Stirling numbers
of the first kind (3.57), we set κ = 1, j = 0, and obtain the first-order recursion relation
sR(p,q)(n, 1) = −ǫ
x−n
1 [n− 1]R(p,q)sR(p,q)(n− 1, 1)
with n ∈ N\{0, 1} and sR(p,q)(1, 1) = sR(p,q)(0, 0) := 1. By iteration, we get (3.70).
Setting κ = 2 also leads to the recursion relation
sR(p,q)(n, 2) + ǫ
x−n
1 [n− 1]R(p,q)sR(p,q)(n− 1, 2) = R(n, p, q), (3.71)
where
R(n, p, q) = (−1)n−2[n− 2]R(p,q)! ǫ
x(n−1)− (n−2)(n+1)
2
1 ,
which is solved to give the required expression. 
TakingR(p, q) = q, we recover
sq(u, 1) = (−1)
u−1 [u− 1]q! (3.72)
and
sq(u, 2) = (−1)
u−2[u− 1]q!ζu−1,q, (3.73)
where ζu,p,q =
u∑
j=1
[j]−1q !.
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Remark 3.43 The particular case of the generalized q−Quesne quantum algebra is here
worthy of attention as matter of illustration. Indeed, the signless (or absolute) noncentral
generalized q− Quesne Stirling number of the first kind is given by
|sQ
p−1,q−1
(n, κ, j)| =
(q
p
[−1]Qp,q
)n−κ
sQ
p−1,q−1
(n, κ, j)
or
|sQp,q(n, κ, j)| =
(q
p
[−1]Qp,q
)−n+κ
sQp,q(n, κ, j),
where n is a positive interger. The related deformed Stirling numbers of the first and
second kinds verify the orthogonality relations
n∑
m=κ
sQp,q(n,m, j)S
Q
p,q(m, κ, j) = δn,κ
and
n∑
m=κ
SQp,q(n,m, j) s
Q
p,q(m, κ, j) = δn,κ.
They obey, respectively, the following recursion relations:
sQp,q(n+ 1, κ; j) = s
Q
p,q(n, κ− 1; j)− q p
x−n−j−1[n + j]Qp,qs
Q
p,q(n, κ, j)
with the initial conditions sQp,q(0, 0, j) = 1, s
Q
p,q(n, 0, j) =
q
−(n2)−n(j−1)
pn
[−j]Qn,p,q, n ≥ 0.
and sQp,q(0, κ, j) = 0, j ≥ 0; and
SQp,q(n + 1, κ; j) = p
j SQp,q(n, κ− 1; j) +
q
p
[κ + j]Qp,q S
Q
p,q(n, κ; j)
with the initial conditions sQp,q(0, 0, j) = 1, s
Q
p,q(n, 0, j) =
(
q
p
[j]Qp,q
)n
, n ≥ 0, and
sQp,q(0, κ, j) = 0, κ ≥ 0. For fix κ, they are generated by the function given by
Ψκ(v; p, q, r) =
∞∑
n=κ
SQp,q(n; κ, r) v
n, κ ∈ N
developed in the product form as:
Ψκ(v; p, q, r) = v
κ
κ∏
j=0
(
1− q px−j−1 [r + j]Qp,q v
)−1
for |v| < p
−x+j+1
q [r+j]Qp,q
. Their reciprocal factorial [t− x]Q−κ−1,p,q is expanded into reciprocal
generalized q− Quesne powers
(
[t]Qp,q
)−n−1
as follows:
p(t−r−x+1)κ+1
q [t− x]Qκ+1,p,q
= q−(
κ+1
2 )−x(κ+1)
∞∑
n=κ
SQp,q(n, κ; x)
p(t−r−x+1)n+1(
q [t]Qp,q
)n+1 ,
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while their reciprocal powers
(
[t]Qp,q
)−κ−1
are spanned in the reciprocal noncentral gen-
eralized q− Quesne factorial [t− x]Q−n−1,p,q as:
p(t−r−x+1)κ+1(
q [t]Qp,q
)κ+1 =
∞∑
n=κ
q−(
n+1
2 )+x(n+1)sQp,q(n, κ; x)
p(t−r−x+1)n+1
q [t− x]Qn+1,p,q
,
where t > κ+ x. Moreover,
sQp,q(n, κ, r) =
p−(
n
2)
p−nx
n∑
j=κ
(−1)j−κ
p(
j
2)−r(n−j)−xκ
(
j
κ
)
(p− q−1)n−κ q(
n−j
2 )+r(n−j)
[
n
j
]Q
p,q
and
SQp,q(n, κ, r) = p
nx
n∑
j=κ
(−1)j−κ
p(n−j)r p(
κ
2)−κx
(p− q−1)n−κ qr(j−κ)
(
n
j
)[
j
κ
]Q
p,q
,
where n ∈ N\{0}, κ ∈ {1, 2, · · · , n}, and x ∈ N. In particular,
SQp,q(n, κ, r) =
(q−1 p)−1+κpnx
[κ]Qp,q!
κ∑
i=0
(−1)κ−i
p(
i
2)+j(r+i)
q(
i+1
2 )−κ(r+i)
[
κ
i
]Q
p,q
[r + i]Qp,q.
For positive integers κ and j,
(
κ
j
)
=
κ∑
m=j
(−1)m−j
(p− q−1)m−j
p−(
m
2 )+x(m−j)
sQp,q(m, j)
[
κ
m
]Q
p,q
and [
κ
j
]Q
p,q
=
κ∑
m=j
(−1)m−j
(p− q−1)m−j
p(
j
2)+x(m−j)
SQp,q(m, j)
(
κ
m
)
,
where x is an integer and 0 < q < p ≤ 1. Furthermore, given a natural number u,
sR(p,q)(u, 1) = (−1)
u−1p
2xu−u2+u
2qu−1
[u− 1]Qp,q!
and
sp,q−1(u, 2) = (−1)
u−2p
2x(u−2)−u2+u+4
2qu−1
[u− 1]Qp,q!ζu−1,p,q,
where ζu,p,q =
u∑
j=1
p(j−1)(x+1)+1
q [j]Qp,q
.
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3.5 R(p, q)− deformed Bell numbers
Let us consider a simple finite graphG with n vertices, and κ independent blocks. V (G)
is a set of vertices of G. The vertices are partitioned into κ independent blocks by Π =
{V1, V2, · · · , Vκ}.We define theR(p, q)−deformed weight as follows:
WR(p,q)(π) :=
(ǫ2
ǫ1
)
κ∑
j=1
(j − 1)|Vj|
,
where |Vj| is the cardinality of the set V. The R(p, q)− deformed Stirling number of the
second kind for the graph is expressed by
SR(p,q)
(
G, κ
)
:=
∑
Λ
WR(p,q)(π),
where SR(p,q)
(
G, 0
)
:= 0, and Λ denotes the independent partitions π of V (G). Analo-
gously, theR(p, q)− deformed Bell number for the graph is defined by
BR(p,q)
(
G
)
:=
|V (G)|∑
κ=0
SR(p,q)
(
G, κ
)
.
Theorem 3.44 Let T¯n be the dual path graph ofG. Then, theR(p, q)− deformed Stirling
numbers of the second kind and the R(p, q)− deformed Bell numbers for the graph G
are given, respectively, by
SR(p,q)
(
T¯n, κ
)
=
ǫ
(n2)−κ(n−κ)
2
ǫ
(n2)−κ(n−κ)+κ−1
1
[
κ
n− κ
]
R(p,q)
and
BR(p,q)
(
T¯n
)
=
n∑
κ=0
ǫ
(n2)−κ(n−κ)
2
ǫ
(n2)−κ(n−κ)+κ−1
1
[
κ
n− κ
]
R(p,q)
,
where n ∈ N.
Proof: Let us consider the expression
SR(p,q)(T¯n, κ) =
ǫ
(κ2)+(
n−κ
2 )
2
ǫ
(κ2)+(
n−κ
2 )+κ−1
1
[
κ
n− κ
]
R(p,q)
. (3.74)
For n = 0, the relation (3.74) is true. We assume that (3.74) is true for all n and prove it
for l = n+ 1. Consider
SR(p,q)(T¯n+1, κ) = SˆR(p,q)(T¯n+1, κ) + S˜R(p,q)(T¯n+1, κ),
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where
SˆR(p,q)(T¯n+1, κ) =
ǫn−2κ+11
ǫ−κ+12
SR(p,q)(T¯n, κ− 1)
=
ǫ
(κ2)+(
n−κ+1
2 )
2
ǫ
(κ2)+(
n−κ+1
2 )+κ−1
1
ǫn−κ+11
[
κ− 1
n− κ+ 1
]
R(p,q)
and
S˜R(p,q)(T¯n+1, κ) =
ǫ
2(κ−1)
2
ǫn1
SR(p,q)(T¯n−1, κ− 1)
=
ǫ
(κ2)+(
n−κ+1
2 )
2
ǫ
(κ2)+(
n−κ+1
2 )+κ−1
1
ǫ2κ−1−n2
[
κ− 1
n− κ
]
R(p,q)
.
Using Eq.(3.14) and after computation, we obtain
SR(p,q)(T¯n+1, κ) =
ǫ
(κ2)+(
n−κ+1
2 )
2
ǫ
(κ2)+(
n−κ+1
2 )+κ−1
1
[
κ
n− κ+ 1
]
R(p,q)
.
Thus, the proof is achieved. 
3.6 Application
We consider the dual path graph T¯5. It has 4 independent partitions into 4 blocks given as
follows:
Γ1 =
(
{1, 2}, {3}, {4}, {5}
)
, Γ2 =
(
{1}, {2, 3}, {4}, {5}
)
Γ3 =
(
{1}, {2}, {3, 4}, {5}
)
, Γ4 =
(
{1}, {2}, {3}, {4, 5}
)
.
TheR(p, q)−deformed weight is given by
WR(p,q)(Γ) =
(
ǫ2
ǫ1
) 4∑
j=1
(j − 1)|Vj|
.
Hence,
WR(p,q)(Γ1) =
(
ǫ2
ǫ1
) 4∑
j=1
(j − 1)|Vj|
=
(
ǫ2
ǫ1
)6
.
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Similarly, we getWR(p,q)(Γ2) =
(
ǫ2
ǫ1
)7
, WR(p,q)(Γ3) =
(
ǫ2
ǫ1
)8
andWR(p,q)(Γ4) =
(
ǫ2
ǫ1
)9
.
Finally,
SR(p,q)
(
T¯5, 4
)
=
(ǫ2
ǫ1
)6 1− ( ǫ2
ǫ1
)4
1− ( ǫ2
ǫ1
)
=
(ǫ2
ǫ1
)6
ǫ−31 R(p
4, q4)
=
(ǫ2
ǫ1
)6
ǫ−31
[
4
1
]
R(p,q)
. (3.75)
Remark 3.45 (1) Note that the q− Stirling number of the second kind and q− Bell
number of the graph can easily be derived by takingR(p, q) = q as follows:
Sq
(
T¯n, κ
)
= q(
n
2)−κ(n−κ)
[
κ
n− κ
]
q
and
Bq
(
T¯n
)
=
n∑
κ=0
q(
n
2)−κ(n−κ)
[
κ
n− κ
]
q
,
where n ∈ N.
(2) The generalized q−Quesne Stirling number of the second kind and the Bell number
for the dual path graph are, respectively, given by
SQp,q
(
T¯n, κ
)
=
q−(
n
2)+κ(n−κ)
p(
n
2)−κ(n−κ)+κ−1
[
κ
n− κ
]Q
p,q
and
BQp,q
(
T¯n
)
=
n∑
κ=0
q−(
n
2)+κ(n−κ)
p(
n
2)−κ(n−κ)+κ−1
[
κ
n− κ
]Q
p,q
,
where n ∈ N.
3.7 R(p, q)− deformed factorial and binomial moments
For a study on q− factorial and q− binomial moments, see [7]. We deal here with the
R(p, q)−generalization. For that, we consider a nonnegative integer-valued discrete ran-
dom variable X, and g(x) = P (X = x), x ∈ N\{0}, the probability distribution of
X.
E
(
[X ]r,R(p,q)
)
=
∞∑
x=r
[x]r,R(p,q) g(x), r ∈ N\{0},
E
([
X
r
]
R(p,q)
)
=
∞∑
x=r
[
x
r
]
R(p,q)
g(x), r ∈ N\{0} (3.76)
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referred to the rth−orderR(p, q)− factorial and rth−orderR(p, q)− binomial moments,
respectively, of the random variable X. In the particular case of r = 1, we define the
R(p, q)− mean value, also called theR(p, q)− expectation value, of X by
µR(p,q) := E
([
X
]
R(p,q)
)
=
∞∑
x=1
[
x
]
R(p,q)
g(x).
TheR(p, q)− variance of X is then obtained as
σ2R(p,q) := V
([
X
]
R(p,q)
)
= E
([
X
]
R(p,q)
)2
−
[
E
([
X
]
R(p,q)
)]2
.
Since [X − 1]R(p,q) = ǫ
−1
2 [X ]R(p,q) − ǫ
−1
2 ǫ
X−1
1 , and [X ]2,R(p,q) = [X ]R(p,q)[X − 1]R(p,q),
then
V
(
[X ]R(p,q)
)
= ǫ2E
(
[X ]2,R(p,q)
)
+ ǫX−11 E
(
[X ]R(p,q)
)
−
[
E
(
[X ]R(p,q)
)]2
.
Theorem 3.46 The binomial moment is given as function of the R(p, q)− binomial mo-
ment as follows:
E
([
X
j
]
R(p,q)
)
=
∞∑
m=j
(−1)m−j
(ǫ1 − ǫ2)
m−j
ǫ
−(m2 )+τ(m−j)
1
sR(p,q)(m, j)E
([
X
m
]
R(p,q)
)
, (3.77)
while the factorial moment is given in terms of theR(p, q)− factorial moment by
E[(X)j] = j!
∞∑
m=j
(−1)m−j
(ǫ1 − ǫ2)
m−j
ǫ
−(m2 )+τ(m−j)
1
sR(p,q)(m, j)
E
(
[X ]m,R(p,q)
)
[m]R(p,q)!
, (3.78)
where j ∈ N\{0}, τ ∈ N, and sR(p,q) is the R(p, q)− deformed Stirling number of the
first kind.
Proof: Multiplying (3.68) by the probability distribution g(x) and summing for all x ∈ N,
we deduce (3.76) from (3.77). Moreover, from
E
[(
X
j
)]
=
E[(X)j]
j!
, E
([
X
m
]
R(p,q)
)
=
E
(
[X ]m,R(p,q)
)
[m]R(p,q)!
and the relation (3.77), we derive (3.78). 
Remark 3.47 PuttingR(u, v) = v, we obtain the usual binomial moment as function of
the q− binomial moment as:
E
([
X
j
]
q
)
=
∞∑
m=j
(−1)m−j(1− q)m−jsq(m, j)E
([
X
m
]
q
)
,
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while the usual factorial moment is given in terms of the q− factorial moment by
E[(X)j] = j!
∞∑
m=j
(−1)m−j(1− q)m−jsq(m, j)
E
(
[X ]m,q
)
[m]q!
,
where j ∈ N\{0}, and sq is the q−Stirling number of the first kind.
Theorem 3.48 TheR(p, q)−deformed probability distribution g(x) of a discrete random
variableX is given by the absolutely convergent series
g(x) =
∞∑
m=x
(−1)m−xǫ
(x2)
1 ǫ
(m−x2 )
2
[
m
x
]
R(p,q)
E
([
X
m
]
R(p,q)
)
, x ∈ N.
Proof: Replacing x by κ and r bym in expression (3.76), multiplying it by
(−1)m−xǫ
(x2)
1 ǫ
(m−x2 )
2
[
m
x
]
R(p,q)
,
and summing for allm = x, x+ 1, · · · , we obtain
∞∑
m=x
(−1)m−xǫ
(x2)
1 ǫ
(m−x2 )
2
[
m
x
]
R(p,q)
E
([
X
m
]
R(p,q)
)
=
∞∑
κ=x
δκ,xg(κ) = g(x).

Note that the probability distribution (2.14) can be retrieved by takingR(u, v) = v.
Remark 3.49 The particular case of the generalized q−Quesne factorial and binomial
moment, and probability distribution is detailed as follows:
(1) Let X be a nonnegative integer-valued discrete random variable and h(x) =
P (X = x), x ∈ N\{0}, the probability distribution of X. Assume the convergence
of the series:
E
(
[X ]Qr,p,q
)
=
∞∑
x=r
[x]Qr,p,q h(x), r ∈ N\{0},
E
([
X
r
]Q
p,q
)
=
∞∑
x=r
[
x
r
]Q
p,q
h(x), r ∈ N\{0}.
here designated by rth−order generalized q−Quesne factorial and rth−order gen-
eralized q− Quesne binomial moment, respectively, of the random variable X. In
the particular case of r = 1, we deduce the generalized q− Quesne mean value,
also called the generalized q− Quesne expectation value, of X by
µQp,q := E
(
[X ]Qp,q
)
=
∞∑
x=1
[x]Qp,q h(x).
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The associated variance of X is then obtained as
(
σ2p,q
)Q
:= V
(
[X ]Qp,q
)
= E
(
[X ]Qp,q
)2
−
[
E
(
[X ]Qp,q
)]2
or, equivalently,
V
(
[X ]Qp,q
)
= p−1E
((
[X ]Q2,p,q
))
+ pX−2qE
(
[X ]Qp,q
)
−
(q
p
)2[
E
(
[X ]Qp,q
)]2
.
(2) Its deformed binomial moment is given by
E
([
X
j
]Q
p,q
)
=
∞∑
m=j
(−1)m−j
(p− q−1)m−j
p−(
m
2 )+τ(m−j)
sQp,q(m, j)E
([
X
m
]Q
p,q
)
,
while the factorial moment is expressed in terms of the generalized q− Quesne
factorial moment by
E[(X)j] = j!
∞∑
m=j
(−1)m−j
(p− q−1)m−j
p−(
m
2 )+τ(m−j)
sQp,q(m, j)
E
(
[X ]Qm,p,q
)
[m]Qp,q!
,
where j ∈ N\{0}, τ ∈ N, and sQp,q is the generalized q− Quesne Stirling number
of the first kind.
(3) The probability distribution h(x), x ∈ N, of a discrete random variableX is given
by
h(x) =
∞∑
m=x
(−1)m−x p(
x
2) q−(
m−x
2 )
[
m
x
]Q
p,q
E
([
X
m
]Q
p,q
)
, x ∈ N.
4 Concluding remarks
In this paper, we have developed and illustrated the fundamentals of R(p, q)− deformed
combinatorics, with a special focus on factorials, binomial coefficients, Vandermonde’s
and Cauchy’s formulae, binomial formula, Stirling numbers, and Bell numbers induced
by the R(p, q)− deformed quantum algebra. These results have also been derived and
discussed in the particular case of the so-called generalized q− Quesne deformed quan-
tum algebra. Relevant properties have been deduced and analyzed in this framework.
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